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LATTICES IN PRODUCTS OF TREES AND A THEOREM
OF H.C. WANG
MARC BURGER AND SHAHAR MOZES
0. Introduction
In 1967 H.C. Wang [Wa67] showed that for a connected semisimple group
G without compact factors, a lattice Γ < G is contained in only finitely many
discrete subgroups. Shortly after, Kazhdan and Margulis [KM68] proved the
stronger result that under the same hypothesis on G there is a constant cG > 0
such that Vol(Γ\G) ≥ cG for every lattice Γ < G.
In the meantime the scope of the study of lattices in locally compact groups
has been greatly extended, including families of locally compact groups, like
automorphism groups of trees [BL01], products of trees [BMZ09], and topo-
logical Kac-Moody groups [Re09].
In this context it was observed by Bass and Kulkarni that for the automor-
phism group of a d-regular tree Td the analog of Kazhdan-Margulis as well as
Wang’s theorem, fail. They constructed for every d ≥ 3 an infinite ascending
chain Γ0  Γ1  · · · of discrete subgroups such that Γℓ\Td is a geometric loop;
when d is composite they exhibited examples where Γℓ\Td is a geometric edge
[BK90]. On the other hand, when d ≥ 3 is a prime number, a deep conjec-
ture of Goldschmidt-Sims in finite group theory implies that there are, up to
conjugacy, only finitely many discrete subgroups Γ < Aut Td such that Γ\Td is
an edge; this conjecture has been established for d = 3 [Go80]. For a product
Tp × Tq of trees of prime degrees, Y. Glasner [Gl03] proved the remarkable
result that up to conjugacy there are only finitely many Γ < Aut Tp × Aut Tq
with non-discrete projections and such that Γ\(Tp×Tq) is a geometric square.
We propose to study this finiteness problem in the framework of the theory
of lattices in products of trees developed in [BM00a], [BM00b]. Our aim is
to establish Wang’s theorem for co-compact lattices in a product Aut (T1) ×
Aut (T2) of automorphism groups of regular trees by imposing non-properness
and certain local transitivity properties for their actions on the individual
factors T1 and T2. The following follows from a more general result Theorem 2.3
proved in section 2
Theorem 0.1. Let Γ < Aut T1×Aut T2 be a co-compact lattice and Gi = pri(Γ)
the closures of its projections. Assume that each Gi is non-discrete, locally
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quasiprimitive of constant, almost simple type. Then Γ is contained in only
finitely many discrete subgroups Λ with Λ < G1 ×G2.
Let us say that a group G acting on a tree is of constant type if for each
vertex x, G(x) the local permutation group induced by the action of G(x),
the stabilizer of x, on E(x), the set of edges based at x, is isomorphic to a
fixed permutation group. Recall that Gi is called locally quasi-primitive if
for every vertex x of Ti the permutation group Gi(x) acting on on E(x) is
quasi-primitive. A quasi-primitive permutation group has one or two minimal
normal subgroups and is called of almost simple type if there is a unique
minimal normal subgroup which is simple non-abelian [Pr97]. The theorem
applies for instance when G1 andG2 are locally 2-transitive and the 2-transitive
permutation groups have non-abelian socle.
Under the weaker assumptions that G1 and G2 are locally quasi primitive
we show in Proposition 2.2 that any closed cocompact subgroup in G1 × G2
with dense projections is either discrete or open.
Theorem 0.1 suggests the following question:
Question 0.2. Given Gi < Aut Ti closed, non-discrete, locally quasi-primitive,
does there exists a constant C > 0 such that Vol
(
Γ\(G1 ×G2)
)
≥ C whenever
Γ < G1 ×G2 is a co-compact lattice with dense projections.
Example 0.3. Examples of lattices satisfying the hypothesis of Theorem 0.1
can be found in Burger-Mozes [BM00b] and in Rattaggi [Ra04], [Ra07]. One
constructs a finite square complex Y with one vertex whose universal covering
is Tn × Tm. Then Γ = π1(Y ) acts (simply) transitively on the vertices of Tn ×
Tm. One obtains then up to permutation isomorphism one permutation group
Pm < Sm, P
n < Sn for each factor. Examples with non-discrete projections
have been constructed for all alternating groups (An, Am) with n,m even and
n ≥ 30, m ≥ 38. Rattaggi has constructed many low degree examples among
which (A6,M12), and (A6, A6). All these are locally 2-transitive transitive on
both sides. An interesting example, also due to Rattaggi, of an irreducible
lattice acting on T6 × T10 realizes the pair (A6, S5) where A6 < S6 and S5
is endowed with its primitive action on the 10 element set consisting of all
2-element subsets of {1, 2, 3, 4, 5}.
1. A general finiteness criterion
Given a lattice Γ < G in a locally compact group G, a neighborhood W of
e in G and ε > 0, we define
R(Γ,W ) =
{
Λ < G : Λ > Γ and Λ ∩W = {e}
}
L(Γ, ε) =
{
Λ < G : Λ > Γ, Λ is discrete and Vol(Λ\G) ≥ ε
}
.
Clearly, R(Γ,W ) ⊂ L(Γ, ε) where ε = Vol(W˜ ) and W˜ is an open symmetric
neighborhood of e with W˜ 2 ⊂W .
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Proposition 1.1. Let Γ < G be a lattice. Assume that Γ is finitely generated
and that the centraliser ZG(Γ′) of Γ′ in G is discrete, for every subgroup Γ′ < Γ
of finite index. Then L(Γ, ε) is finite for every ε > 0. In particular, R(Γ,W )
is finite for every neighborhood W ∋ e.
Proof. For every Λ ∈ L(Γ, ε) let K(Λ) be the kernel of the permutation action
Λ→ Sym(Γ\Λ). Clearly, we have the inclusions
(1.1) K(Λ) < Γ < Λ < NG
(
K(Λ)
)
.
Since [Λ : Γ] ≤ N := ⌊1
ε
Vol(Γ\G)⌋, we have the following estimate for the
index of K(Λ) in Γ:
(1.2) [Γ : K(Λ)] ≤ (N − 1) !
Since Γ is finitely generated, the set ΣN of subgroups of index at most (N−1)! is
finite; in addition, since ZG(K) is discrete, so is NG(K), and hence NG(K)/K
is finite for every K ∈ ΣN . It follows then from (1.1) that∣∣L(Γ, ε)∣∣ ≤ ∑
K∈ΣN
a(K)
where a(K) is the number of subgroups of the finite group NG(K)/K. Thus
L(Γ, ε) is finite. 
Corollary 1.2. Let Γ < G = Aut T1 × Aut T2 be a co-compact lattice, where
T1, T2 are regular trees. Then Γ is finitely generated and ZG(Γ′) = {e}, for
every Γ′ of finite index in Γ. In particular, given any neighborhood W of e in
G, R(Γ,W ) is finite.
Proof. Γ is a co-compact lattice in a compactly generated group and hence
finitely generated. The assertion about the centralizer follows from the fact,
applied to the projections pri(Γ
′), that the centralizer in AutTi of a group
acting with finitely many orbits on the set of vertices of Ti is trivial. The last
assertion follows then from Proposition 1.1. 
2. Products of trees
Let T = (X, Y ) be a locally finite tree with vertex set X and edge set Y ;
given a subgroup H < Aut T , the stabilizer H(x) of x ∈ X induces on the set
E(x) of edges issued from x a finite permutation group
H(x) < SymE(x).
We say that H has locally a property (P ) if for every x ∈ X , the permutation
group H(x) has property (P ).
Here we will be concerned with subgroups H < Aut T which are locally
quasi-primitive. Recall that a finite permutation group F < SymΩ is quasi-
primitive if every non-trivial normal subgroup of F acts transitively on Ω.
There is a rich structure theory of quasi-primitive groups (see [Pr97]) based on
the study of their minimal normal subgroups. In this context F is called almost
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simple if it has a unique minimal normal subgroup M which is simple non-
abelian; in this caseM < F < Aut(M). Important examples of quasi-primitive
permutation groups are given by the 2-transitive permutation groups. In this
context there is Burnside’s theorem [DM96] which says that a 2-transitive
permutation group is either almost simple or the semi-direct product of a
finite group with an Fp-vector space on which it acts linearly with precisely
two orbits.
We will need a basic result from the theory of locally quasi-primitive groups
which we recall for the reader’s convenience. Given a closed subgroup H <
Aut T we let H(∞) denote the intersection of all open subgroups of H of finite
index and QZ(H) < H the subgroup consisting of all elements of H whose
centralizer is open in H . We have then (see [BM00a], Prop. 1.2.1):
Theorem 2.1. Let H < Aut T be closed, non-discrete, locally quasi-primitive.
Then
(1) H/H(∞) is compact;
(2) QZ(H) acts freely on the set of vertices of T ;
(3) for any closed normal subgroup N ⊳ H we have either N ⊂ QZ(H) or
N ⊃ H(∞).
As a warm-up we show a density result for non-discrete groups containing
a lattice; such results are well known in the context of Lie groups where they
are obtained as a consequence of the Borel density theorem.
Proposition 2.2. For i = 1, 2, let Gi < Aut(Ti) be a non-discrete, locally
quasi-primitive, closed subgroup acting cocompactly on Ti, such that G
(∞)
i is
of finite index in Gi. Then any closed cocompact subgroup L < G1 × G2 with
dense projections on both G1 and G2, is either discrete or open; moreover, in
the latter case it contains G
(∞)
1 ×G
(∞)
2 .
Notation: Here and in the sequel, for a tree T = (X, Y ), dT denotes the
combinatorial distance on X , BT (x, ℓ) the ball of radius ℓ ∈ N with center x
and, if H < Aut T , Hℓ(x) = {g ∈ H : g is the identity on BT (x, ℓ)}.
Proof. Assume that L is not discrete.
Claim: If L ∩ ({e} × G2) doesn’t act freely on X2, the set of vertices of T2,
then L ⊃ G(∞)1 ×G
(∞)
2 .
Indeed, L∩ ({e}×G2) is, with a slight abuse of notation, a closed subgroup
of G2 which is normal in pr2(L), hence in G2 since pr2(L) = G2; since it does
not act freely on X2 it must by Theorem 2.1 contain {e}×G
(∞)
2 . Consider the
continuous injective map
j : (G1 × {e})/((G1 × {e}) ∩ L) →֒ (G1 ×G2)/L .
Its image, lifted to G1 ×G2 is
(
G1 × {e}
)
· L ⊃ G1 ×G
(∞)
2 and hence is open,
therefore closed. Thus the image of j is closed; since source and target of j
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are locally compact metrisable we conclude that j is a homeomorphism onto
its image, and since Im(j) ⊂ (G1×G2)/L is therefore compact we deduce that
G1/(G1 × {e}) ∩ L is compact.
Thus (G1 × {e}) ∩ L is a cocompact normal subgroup of G1. If it does not
contain G
(∞)
1 , then by Theorem 2.1 it is discrete and contained in QZ(G1).
Since it is cocompact, it is finitely generated. Any finitely generated subgroup
of the quasi-center has an open centraliser; but the centraliser of a group
acting cocompactly on T1 must be trivial. This implies that G1 is discrete,
a contradiction. Hence G
(∞)
1 ⊂ (G1 × {e}) ∩ L. Arguing similarly for G
(∞)
2
completes the proof of the claim.
Let now (u, v) ∈ X1 × X2 and consider for every ℓ ≥ 1 the intersection
L ∩ G1(u) × G2,ℓ(v). Since L is non-discrete this intersection is non-trivial
∀ℓ ≥ 1. We distinguish two cases:
(1) L ∩
(
G1(u)×G2,ℓ(v)
)
⊂ {e} ×G2,ℓ(v) for some ℓ ≥ 1.
(2) L ∩
(
G1(u) × G2,ℓ(v)
)
has for every ℓ ≥ 1 a non-trivial projection on
the first factor.
In the first case we have that L ∩ ({e} × G2) does not act freely on X2 and
hence by the claim L ⊃ G(∞)1 × G
(∞)
2 ; but since G
(∞)
1 is non-discrete as well,
we have that L∩
(
G1(u)×G2,ℓ(v)
)
has non-trivial first projection, so this case
does not occur.
In order to analyze the second case let D1 × D2 ⊂ X1 × X2 be a finite set
with
⋃
γ∈Γ γ(D1 ×D2) = X1 ×X2.
For every ℓ ≥ 1, let uℓ ∈ X1 be such that the projection of L ∩
(
G1(uℓ) ×
G2,ℓ(v)
)
into G1(uℓ) is non-trivial; such a uℓ can be obtained by considering
the subtree T ℓ1 spanned by the pr1
(
L ∩ G1(u) × G2,ℓ(v)
)
-fixed vertices in X1
and taking for uℓ a vertex in T
ℓ
1 which has a neighbor which is not in T
ℓ
1 .
Use now the Γ-action to find (wℓ, vℓ) ∈ (D1 × D2) ∩ Γ · (uℓ, v) with the
property that L ∩
(
G1(wℓ)×G2,ℓ(vℓ)
)
projects non-trivially to G1(wℓ).
Since D1 × D2 is finite and G1(w) is finite we may assume, by passing
to an appropriate subsequence, that (wℓ, vℓ) = (w0, v0) and that there is
(aℓ, bℓ) ∈ L ∩
(
G1(w0)× G2,ℓ(v0)
)
such that aℓ induces on E(w0) a fixed non-
trivial permutation. Passing to subsequence again we may assume that (aℓ, bℓ)
converges; its limit must necessarily have the form (a, e) where a ∈ G1(w0),
a 6= e. This shows that L∩ (G1(w0)×{e}) is non-trivial; hence L∩ (G1×{e})
acts non-freely on X1 and by the claim applied to G1 instead of G2 we deduce
L ⊃ G(∞)1 ×G
(∞)
2 . 
We turn now to our main theme and prove a general result implying The-
orem 0.1 of the introduction. This result which is of a more technical nature
requires some preliminary comments. A quasi-primitive permutation group
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has either a unique minimal normal subgroup or two minimal normal sub-
groups (cf. [Pr97]). In the latter case each of them acts regularly and they
are isomorphic. Thus in both cases the isomorphism class of a simple factor
of a minimal normal subgroup of a quasi-primitive permutation group is well
defined.
Let Gi < AutTi be of constant type and locally quasiprimitive. We will
denote by Mi a simple factor of a minimal normal subgroup of Gi(x) and by
Si the stabilizer in Gi(x) of a typical element in E(x).
Theorem 2.3. Let Gi < AutTi be a closed, non-discrete, constant type and
locally quasi-primitive group. Let Γ < G1 × G2 be a cocompact lattice with
dense projections. Then there is a neighborhood W of (e, e) in G1 × G2 with
the following property: If there is a discrete subgroup Λ < G1 ×G2 containing
Γ with Λ∩W 6= {(e, e)} then M1 is a section of S2 and M2 is a section of S1.
Lemma 2.4. Let Γ < AutT1 × AutT2 be a co-compact lattice such that the
closure of the projections Gi := pri(Γ) are non-discrete, locally quasi-primitive.
Given ℓ ≥ 1, there is W1 neighborhood of (e, e) in G1×G2 depending on ℓ and
Γ with the property that if Λ is a discrete subgroup of G1 × G2 containing Γ,
with Λ ∩ W1 6= (e, e), then there is (w, v) ∈ X1 × X2 such that the image
of Λ ∩
(
G1(w)× G2,ℓ(v)
)
in G1(w) contains a non-trivial normal subgroup of
G1(w).
Remark 2.5. In the proof of Lemma 2.4 and of Theorem 2.3 we will use the
following fact: If F < Λ ∩ (G1(a) × G2(b)) is a subgroup then F injects into
each of the two factors. Indeed, for instance, the intersection F ∩ ({e}×G2) is
contained in the discrete subgroup Λ∩ ({e}×G2) which is normal in pr2(Λ) =
G2 and hence must be contained in {e}×QZ(G2) by theorem 2.1. But QZ(G2)
acts freely in X2 and F fixes (a, b) which implies F ∩ ({e} ×G2) = {(e, e)}
Proof. (of Lemma 2.4.) Since pr1(Γ) is dense in G1, the projection onto G1(x)
of Γ ∩ (G1(x) × G2) is dense and hence we can choose γ
x
1 , γ
x
2 , . . . , γ
x
r in Γ ∩
(G1(x) × G2) which are representatives of the elements of the finite group
G1(x); observe that by repeating elements we can take r independent of x.
Let D1 ×D2 ⊂ X1 ×X2 be a finite set such that
⋃
γ∈Γ γ(D1 ×D2) = X1 ×X2
and define
R := max
1≤i≤r
max
(u,v)∈D1×D2
dT2(ψ
u
i (v), v)
where γui = (ϕ
u
i , ψ
u
i ).
Fix (u, v) ∈ D1 × D2, then we claim that W1 := G1(u) × G2,R+ℓ(v) is the
neighborhood announced in the lemma. For ease of notation denote for every
n ≥ 0, (a, b) ∈ X1 × X2 by F n(a,b) the intersection Λ ∩ G1(a) × G2,n(b). By
Remark 2.5 we observe first that F n(a,b) ∩ ({e} ×G2) = (e, e).
Assume now that FR+ℓ(u,v) = Λ ∩ W1 6= (e, e). According to the preceding
observation, we know that FR+ℓ(u,v) injects into G1(u); since this group is non-
trivial we can by the same argument as in Proposition 2.2 find a vertex w ∈ X1
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which is FR+ℓ(u,v)-fixed and such that the image of F
R+ℓ
(u,v) in G1(w) is not trivial;
as a result FR+ℓ(w,v) has non-trivial image in G1(w). Using the Γ-action we may
assume that (w, v) ∈ D1 ×D2. Next we claim that for all 1 ≤ i ≤ r:
(γwi )
−1 FR+ℓ(w,v) γ
w
i ⊂ F
ℓ
(w,v).
Let (g, h) ∈ FR+ℓ(w,v) = Λ ∩
(
G1(w) × G2,R+ℓ(v)
)
. Then (γwi )
−1(g, h) γwi =(
(ϕwi )
−1 gϕwi , (ψ
w
i )
−1 hψwi
)
and (ϕwi )
−1g ϕwi ∈ G1(w) since all terms involved
are in G1(w). For the second component let x ∈ BT2(v, ℓ), then
dT2(ψ
w
i (x), v) ≤ d
(
ψwi (x), ψ
w
i (v)
)
+ d
(
ψwi (v), v
)
≤ ℓ+R
and thus hψwi (x) = ψ
w
i (x) or (ψ
w
i )
−1hψwi (x) = x. This shows the claim.
Thus the image of F ℓ(w,v) in G1(w) contains all conjugates of some non-trivial
element and hence contains a non-trivial normal subgroup of G1(w). 
Proof of Theorem 2.3. Let W1, (w, v) ∈ X1 × X2 be given by lemma 2.4
where we take ℓ = 1. In the notation of the proof of Lemma 2.4 we have that
the image of F 1(w,v) in G1(w) contains a non-trivial normal subgroup and hence
M1. Thus the simple groupM1 is a section of F
1
(w,v). By Remark 2.5 the group
F 1(w,v) injects into G2,1(v). For every j ≥ 1, the quotient G2,j(v)/G2,j+1(v) is
isomorphic to a subgroup of S
a(j)
2 where a(j) is the cardinality of the sphere
of radius j in T2. Thus F
1
(w,v) admits a Jordan-Ho¨lder series consisting of
subgroups of S2 and hence M1 is a section of S2. 
Proof of Theorem 0.1. LetW be the neighborhood of (e, e) ∈ G1×G2 given
by Theorem 2.3 and assume that Λ < G1×G2 is a discrete subgroup containing
Γ with Λ∩W 6= {(e, e)}. But nowMi coincides with the unique minimal normal
subgroup of Gi(x), in particular it acts transitively; thus |Mi∩Si| < |Mi|, since
|Mi/(Mi∩Si)| is the degree of the tree Ti. Since the centralizer ofMi in Gi(x) is
trivial, the group Si/(Si∩Mi) is isomorphic to subgroup of Out(Mi) which by
the Schreier conjecture (which asserts that the group of outer automorphisms
of a finite simple group is solvable) (cf. [DM96], page 133) is solvable. Since
M1 is a section of S2 this implies that it is a section of S2 ∩M2 and hence
|M1| ≤ |S2 ∩M2| < |M2|. By the same argument interchanging between the
indices 1 and 2 we get also |M2| < |M1| and thus a contradiction. 
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